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Measures for Treatment Imbalance and Selection Bias Risk
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Advantages and Disadvantages of Block Randomization  

 Fixed treatment imbalance control by the block size. 

 Applicable to two- and multi-arm trials with equal or unequal allocations.

 Easy for implementation.

Beats Efron’s Biased Coin Design, Wei’s Urn Design, Mass-weighted Urn Design.

Beats Big Stick Design, Ehrenfest Urn Design, Biased Coin Design with Imbalance Tolerance  

Beats Maximal Procedure, Brick Tunnel Design.  

 Vulnerable to selection bias due to high allocation predictability.

Beaten by ALL restricted randomization designs.



Randomization Designs Beyond Permuted Block  

Wei’s Urn Design

Pocock & Simon’s
Minimization

Random Allocation Rule

Permuted Block Design

Efron’s Biased Coin Desing

Daves’ Minimization

Merged Block Design 

Random Block Design

Truncated Binomial Design Mass-weighted Urn Design

Maximal Procedure

Big Stick Design

Wide Brick Tunnel Design

Ehrenfest Urn Design

Brick Tunnel Design

Block Urn Design

Biased Coin Design with 
Imbalance Tolerance 

Asymptotic Maximal 
Procedure

Applicable to all allocation types

Imbalance control

Easy to implement

Low selection bias risk

Complete Randomization Minimax Allocation 
Procedure



Treatment Imbalance for Equal Allocation

Treatment Imbalance for trials with equal allocation = Range of assignments

𝛿 = 𝑚𝑎𝑥( 𝑛௝) − 𝑚𝑖𝑛( 𝑛௝)
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Treatment Imbalance for Unequal Allocation
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Treatment Imbalance for Two-arm Unequal Allocation
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Treatment Imbalance for Multi-arm Unequal Allocations

Treatment imbalance 
δ = 𝑚𝑎𝑥 𝑛෤௝ − 𝑚𝑖𝑛 𝑛෤௝

Allocation adjustment
𝑛෤௝ = 𝑛௝/𝑟௝
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Universal Measure for Treatment Imbalance

Multi-arm 
Irrational

Multi-arm 
Unequal

Multi-arm 
Equal

Two-arm 
Unequal

Two-arm 
EqualAllocation Scenario

1 : 2 : 31 :  2 : 31 : 1 : 11  : 1.51 : 1Target allocation

12, 15, 1911, 17, 257, 8, 99, 1612, 10Treatment Assignments

12, 10.61, 10.9711, 8.5, 8.337, 8, 99, 10.6712, 10Allocation-adjusted assignments

1.392.6721.672Treatment imbalance

Treatment imbalance = range of allocation-adjusted treatment assignments

δ = 𝑚𝑎𝑥 𝑛௝/𝑟௝ − 𝑚𝑖𝑛 𝑛௝/𝑟௝



Allocation Randomness and Prediction Strategies

Treatment assignments 
(𝑛ଵ, 𝑛ଶ, ⋯ , 𝑛௠) 

Target allocation 
(𝑟ଵ, 𝑟ଶ, ⋯ , 𝑟௠) 

Randomization algorithm
 𝛹

Conditional Allocation Probability
(𝑝̂ଵ, 𝑝̂ଶ, ⋯ , 𝑝̂௠) 

Deterministic prediction 

𝑝̂௞ = 1.0

Highest accuracy, lower frequency

Maximum probability prediction

𝑝̂௞ = max(𝑝̂ଵ, 𝑝̂ଶ, ⋯ , 𝑝̂௠)

Lower accuracy, high frequency

Convergent prediction 
𝑛௞

𝑟௞
= min(

𝑛ଵ

𝑟ଵ
,
𝑛ଶ

𝑟ଶ
, ⋯ ,

𝑛௠

𝑟௠
)

High frequency, high selection bias

[1]: Blackwell, D, Hodges, JL. Design for the Control of Selection Bias. Ann Math Stat. 1957; 28(2), 449–460. 



Definition of Selection Bias Risk

S𝐵𝑅 = 𝐸 ෍ 𝑣௝

𝑝̂௝ − 𝑝௝

1 − 𝑝௝
௝ୀଵ~௠

𝑝௝: target allocation probability for arm 𝑗.

𝑝̂௝: conditional allocation probability  for arm 𝑗 = prediction accuracy.

𝑣௝: frequency of prediction under the specific strategy.

𝑆𝐵𝑅 : selection bias risk

Example #1: 
Using complete randomization, 𝑝̂௝ ≡ 𝑝௝(𝑗 = 1,2, ⋯ , 𝑚). Therefore, S𝐵𝑅 = 0.

Example #2: 
Two-arm equal allocation trial, using permuted block design with block size 2, and deterministic prediction.
Assignments in odd places have 𝑝̂஺ = 𝑝̂஻ = 0.5; assignments in even places have 𝑝̂஺ = 1 or 𝑝̂஻ = 1. Therefore, S𝐵𝑅 = 0.5 



Example #3: Two-arm Trial with1:2 allocation Using PBD (b=6) 

Convergent PredictionDeterministic PredictionMaximum Probability
𝑛஺

𝑟஺
−

𝑛஻

𝑟஻

𝑝ො஺Allocation Block

OBBBBBOOBBBBBBBBBB0,1,2,1.5,1,0.51/3,1/5,0,0,0,0AABBBB1

OBBBBBOOOBBBBBBBBB0,1,0.5,1.5,1,0.51/3,1/5,1/4,0,0,0ABABBB2

OBBOBBOOOOBBBBBBBB0,1,0.5,0,1,0.51/3,1/5,1/4,1/3,0,0ABBABB3

OBBOABOOOOOBBBBBOB0,1,0.5,0,-0.5,0.51/3,1/5,1/4,1/3,1/2,0ABBBAB4

OBBOAAOOOOOABBBBOA0,1,0.5,0,-0.5,-11/3,1/5,1/4,1/3,1/2,1ABBBBA5

OABBBBOOOBBBBBBBBB0,-0.5,0.5,1.5,1,0.51/3,2/5,1/4,0,0,0BAABBB6

OABOBBOOOOBBBBBBBB0,-0.5,0.5,0,1,0.51/3,2/5,1/4,1/3,0,0BABABB7

OABOABOOOOOBBBBBOB0,-0.5,0.5,0,-0.5,0.51/3,2/5,1/4,1/3,1/2,0BABBAB8

OABOAAOOOOOABBBBOA0,-0.5,0.5,0,-0.5,-11/3,2/5,1/4,1/3,1/2,1BABBBA9

OAAOBBOOOOBBBBOBBB0,-0.5,-1,0,-0.5,0.51/3,2/5,1/2,1/3,0,0BBAABB10

OAAOABOOOOOBBBOBOB0,-0.5,-1,0,-0.5,0.51/3,2/5,1/2,1/3,1/2,0BBABAB11

OAAOAAOOOOOABBOBOA0,-0.5,-1,0,-0.5,-11/3,2/5,1/2,1/3,1/2,1BBABBA12

OAAAABOOOOOBBBOAOB0,-0.5,-1,-1.5,-0.5,0.51/3,2/5,1/2,2/3,1/2,0BBBAAB13

OAAAAAOOOOOABBOAOA0,-0.5,-1,-1.5,-0.5,-11/3,2/5,1/2,2/3,1/2,1BBBABA14

OAAAAAOOOOAABBOAAA0,-0.5,-1,-1.5,-2,-11/3,2/5,1/2,2/3,1,1BBBBAA15

A, B: Correct prediction A, B: Incorrect prediction O: No prediction



Example #3: Two-arm Trial with1:2 allocation Using PBD (b=6) 

Convergent 
Prediction

Deterministic 
Prediction

Maximum 
Probability 
Prediction

Assessment
Target Allocation 

Probability
Arm

19/33=57.6%6/6=100%8/9=88.9%Prediction Accuracy

𝑝஺ =
1

3
A 33/90=36.7%6/90=6.7%9/90=10%Prediction Frequency

0.1330.0670.083Selection Bias Risk

30/33=90.9%20/20=100%52/67=77.6%Prediction Accuracy

𝑝஻ =
2

3
B 33/90=36.7%20/90=22.2%67/90=74.4%Prediction Frequency

0.267
0.222

0.244Selection Bias Risk

0.4000.2890.328Selection Bias RiskOverall

Most vulnerable
prediction  

to selection bias



Universal Measure for Selection Bias Risk

Selection Bias Risk = Expected chance of making correct prediction above target 

allocation probability under the convergent prediction strategy

S𝐵𝑅 = 𝐸 ෍ 𝑣௝

𝑝̂௝ − 𝑝௝

1 − 𝑝௝
௝ୀଵ~௠



Measures for Imbalance and Randomness

Selection Bias Risk 
based on accuracy and 

frequency of 
Convergent Prediction

Treatment Imbalance 
based on the range of 

allocation-adjusted 
assignments



Complete Randomization
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Permuted Block Design, 1:1 Allocation, Block Size 6
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Block Urn Design, 1:1 Allocation, MTI = 3
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Replace blocks with maximum tolerated imbalance (MTI) boundaries. 

[2]: Zhao W, Weng Y. Block urn design - a new randomization algorithm for sequential trials with two or more treatments and balanced or unbalanced allocation. Contemp Clin Trials. 2011;32(6):953-961. 
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Big Stick Design, 1:1 Allocation, MTI = 3
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Use complete random assignments until achieved the maximum tolerated imbalance (MTI) boundary. 

[3]: Soares JF, Wu CF, Some restricted randomization rules in sequential designs. Commun Stat. 1983; 12:2017-2034.
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Evolution from Permuted Block to Big Stick

SBR = 0.367 SBR = 0.265 SBR = 0.167

Use maximum tolerated imbalance (MTI) to replace blocks.
Use minimal intervention, for ensuring MTI only.  

PBD(b=6) BUD(∆=3) BSD(∆=3)



Define Minimax Allocation Procedure

With: Target allocation  𝑟 = 𝑟ଵ: 𝑟ଶ: ⋯ : 𝑟௠ where 1= 𝑟ଵ ≤ 𝑟ଶ ≤ ⋯ ≤ 𝑟௠.

Maximum tolerated imbalance ∆.

Current treatment assignments 𝑛ଵ, 𝑛ଶ, ⋯ , 𝑛௠.

Do: Step 1: For each arm 𝑗 = 1,2, ⋯ , 𝑚
Assume 𝑛௝ = 𝑛௝ + 1.

𝑝෤௝ = ቐ
0 if 𝑚𝑎𝑥

௡ೖ

௥ೖ
− 𝑚𝑖𝑛

௡ೖ

௥ೖ
>  ∆

𝑟௝ Otherwise

Step 2: Obtain conditional allocation probability  𝑝̂௝ =
௣෤ೕ

∑ ௣෤ೖ
೘
ೖసభ

Step 3: Assign current subject to arm 𝑗 if  ∑ 𝑝෤௞
௝ିଵ
௞ୀଵ > 𝑅𝑎𝑛𝑑 < ∑ 𝑝෤௞

௝
௞ୀଵ

From Big Stick Design to Minimax Allocation Procedure

For two-arm equal allocation, Minimax Allocation Procedure is equivalent to Big Stick Design. 



Minimax Allocation Procedure for Multi-arm Equal Allocations 
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Mass-weighted Urn Design for Two-arm Unequal Allocations 
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Minimax Allocation Procedure for Two-arm Unequal Allocations 
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Minimax Allocation Procedure for Multi-arm Unequal Allocations 
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Number of treatment arms = 3Number of treatment arms = 2 

Minimax 
Allocation 
Procedure

Block Urn 
Design

Permuted 
Block 

Design
MTI ∆

Target 
Allocation

Minimax 
Allocation 
Procedure

Block Urn 
Design

Permuted 
Block 

Design
MTI ∆ 

Target 
Allocation

0.3360.4170.4171
1 : 1 : 1

0.50.50.51
1 : 1 0.1860.2850.36720.2500.3370.4172

0.1280.2340.22030.1660.2650.3673
0.3510.4440.4441

1 : 1 : 2
0.2390.4170.4172

1 : 1.5 0.247NANA1.50.154NANA3
0.1630.2810.36320.1100.2290.3234

0.2680.3830.3831
1 : 2 : 2

0.4450.50.51

1 : 2
0.1260.2210.30420.2050.3010.42
0.2570.3730.3771

1 : 2 : 3
0.160NANA2.5

0.1140.2080.31520.1310.2320.3453
0.313NANA1.4

1 : 2 ∶ 3
0.282NANA2

1 : 2
0.188NANA20.171NANA3

Selection Bias Risk Comparison



Selection Bias Risk Comparison
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Minimax Allocation Procedure Summary

 Low allocation predictability.
 With maximum tolerated imbalance control.
 Applicable to all trial settings: two-arm or multi-arm; equal or unequal allocations.
 Easy to implement with explicit conditional allocation probability formula.

Complete random by default.
Intervene for MTI only.

Lowest predictability under 
convergent strategy.

𝐫 = 𝑟ଵ, 𝑟ଶ, ⋯ , 𝑟௠

where 𝑟௝ ∈ ℝା

Fixed allocation-adjusted 
treatment imbalance

Requires basic arithmetic 
+, -, x, /.



Thank You!


